We propose a bidding method for the participation of combined heat and power (CHP) units in the day-ahead electricity market. More specifically, we consider a district heating system where heat can be produced by CHP units or heat-only units, e.g., gas or wood chip boilers. We use a mixed-integer linear program to determine the optimal operation of the portfolio of production units and storages on a daily basis. Based on the optimal production of subsets of units, we can derive the bidding prices and amounts of electricity offered by the CHP units for the day-ahead market. The novelty about our approach is that the prices are derived by iteratively replacing the production of heat-only units through CHP production. This results in an algorithm with a robust bidding strategy that does not increase the system costs even if the bids are not won. We analyze our method on a small realistic test case to illustrate our method and compare it with other bidding strategies from literature, which consider CHP units individually. The analysis shows that considering a portfolio of units in a district heating system and determining bids based on replacement of heat production of other units leads to better results.
Introduction
The global target of reducing CO2-emissions from fossil fuels has required several countries, especially in the European Union, to consider efficient district heating and cooling systems as a key role in its CO2-emissions reduction strategy [1] . Since it is assumed that fossil fuels will be mostly replaced by intermittent renewable energy sources, a higher share of district heating and cooling systems can facilitate the integration of these intermittent energy sources in the energy mix [2] , contributing to balance the grid by the use of heat pumps, electric boilers, thermal storage or flexible CHP production. The efficiency of these systems has been demonstrated already in countries like Denmark and Sweden. In Denmark around 64% of the households are connected to district heating networks for space heating and domestic hot water [3] . Nowadays, the total heat consumption in all district heating networks in Denmark is close to 130 petajoule (PJ) from which more than 65% are produced by combined heat and power (CHP) plants [4] . The integration of renewable and intermittent energy sources (e.g. wind and photovoltaic) in liberalized electricity markets such as Nordpool [5] lead to historical low and highly volatile electricity prices [6, 7] . This results in a larger difficulty for CHP units to be scheduled and thus obtain profits from the electricity market [7] . Consequently, they are being replaced by other heat production units such as heat pumps that take advantage of low electricity prices in periods where the mix of renewable energy production is high [8, 9] . This means many district heating companies are no longer operating the system only with CHP units but in combination with other heat production units such as gas boilers, heat pumps, electric boilers or wood chip boilers. In this work, we propose a method that optimizes the power production bids of CHP units in district heating systems in the day-ahead market, making these units more competitive and scheduled in more hours. In addition, the approach provides flexibility to the power system by activating or deactivating the CHP units when required by the transmission system operator (TSO), which is reflected in the market prices.
The optimal operation of standalone CHP units has been extensively considered in literature [10, 11, 12] . In these publications, the authors use mixedinteger linear programming to define the technical constraints of the CHP unit in combination with a thermal storage to maximize its profits in a liberalized electricity market framework.
The use of mathematical optimization to operate a portfolio of heat production units has been proposed in several publications. The most relevant publications with respect to our approach are reviewed in the following. First, the work of [13] shows that adding a receding horizon to optimize the operation of a thermal storage yields better results in terms of costs. In [14] the authors consider an integrated power and heat system. The goal of their approach is to coordinate the heat and power production to accommodate the intermittent generation of a wind farm in the district heating network by using a heat pump when the wind power production is high. Following the same principle of producing heat when the electricity price is low and produce power and heat with the CHP when the electricity price is high, the authors in [15] evaluate the scheduling of different heat production units under electricity price and heat demand uncertainty with two-stage stochastic programming. Finally, the approach proposed in [16] integrates many different heat and cooling production units and use optimization to operate them as a portfolio. The system offers capacity to the electricity market to accommodate power fluctuations by the interplay of the different units. Apart from scientific literature, there exist commercial software tools, such as energyPRO [17] that schedule the production in integrated district heating systems.
The above mentioned literature considers the optimal production in district heating systems including CHP units, but neglects to determine bids that the operator should present to the electricity market. CHP units are usually more expensive to operate than other heat production units. Therefore, it has to be ensured that no economic losses due to poor bidding strategies will occur while operating the system. A typical liberalized electricity market works on a short term basis. An auction takes place on the day before the energy is delivered, the so-called day-ahead market [18] . Further markets exist such as the reserve capacity market, intra-day market and balancing market [18, 19, 20] . The price of electricity from one day to another is partly unknown and more unpredictable as more intermittent renewable energy technologies get into the system. Despite that methods to predict electricity prices as a function of intermittent energy sources have been proposed (e.g. [21] ), the optimal operation of CHP units cannot be determined one day in advance when the power production bids have to be submitted, since optimal scheduling is depending on electricity price forecasts.
To approach this problem, we propose a method that considers the optimal operation as well as the optimal bidding for CHP units in district heating systems. Similarly, several bidding methods for both thermal power generation and CHP units have been proposed in literature. In the following, we review those methods, which are also used for comparison in the numerical results.
First, we review bidding methods used for thermal power generation units. Although these consider the power generation unit as a standalone production unit, these methods could be used by district heating operators to determine bids for the CHP plant without taking the other units into account. One strategy is proposed by [22] . Their bidding procedure consists of creating bounds on the uncertainty given by forecasted prices and use these bounds to generate offers. They ensure profitability in their bids by offering power volumes at two different prices, i.e., the defined lower bound and upper bound of their price forecast. Since the vast majority of possible realizations of the electricity price lie within the defined bounds, they protect their offers against uncertainty. The second method analyzed is the method presented in [23] . This method generates different confidence intervals for electricity prices. By solving the model for each of these intervals, bidding curves can be created.
Second, we mention bidding strategies where the authors consider a single CHP unit with a thermal storage. The method proposed in [24] determines the optimal production of the CHP unit. The bidding price is the price forecast, which is the same price used to determined the power production. In [25] the authors construct different bidding curves for a CHP unit based on price scenarios and calculate for each offering period the power production vs. the electricity prices. These curves are submitted to the day-ahead market. The mentioned publications do not take advantage of the different heat production technologies that are connected to the district heating network. The potential of the system can be increased if these are optimized jointly as a portfolio.
Finally, in [26] the authors propose a bidding strategy for CHP units that takes into account other heat units to define the heat production costs. Therefore, the bidding prices generated by this method are the same as those generated in ours. However, the way the volume and the bidding hours are calculated is different, because [26] use a piece-wise linear function to activate different volumes of power at different prices according to the price forecast.
In this publication we introduce a novel bidding method for the participation of combined heat and power (CHP) units that operated in a portfolio with other heat production units in the day-ahead electricity market based on mixed-integer linear programming. The main contributions of our work are:
• Our method operates the heat production units as a portfolio and takes the costs of all units in the system into account to define the optimal bidding prices. We show that this is more beneficial for district heating providers than using state-of-the-art bidding methods for standalone CHP or thermal units.
• The bids generated by our method consider the cost of producing heat to define bids, which protects against the uncertainty of electricity prices, i.e., lost bids do not increase the operational cost.
• We develop an iterative process to generate our bids based on replacement of heat production by heat-only units that results in a higher number of offers compared to other bidding methods.
• We reimplemented the above mentioned methods for operational optimization and bidding [22, 23, 24, 25, 26] to compare them to our bidding strategy in a case study.
• To improve the daily operation of a heat storage system, we analyze different lengths of receding horizon.
The remainder of the paper is organized as follows. In Section 2 the operational planning problem is explained in detail. In Section 3, we develop step by step the bidding method proposed in this work. Section 4 presents the case study used to run our experiments. In Section 5, an illustrative example shows how the bidding method works. Further simulations and numerical results are presented in Section 6. Finally, we summarize our work in Section 7.
Operational planning model
We start by introducing the mixed-integer linear program (MILP) to schedule the optimal operation of a portfolio of heat production units in a district heating system. For an overview of the nomenclature, we refer to Table 1 .
The set of considered production units is denoted by U, which is comprised of CHP units U CHP (producing heat and power simultaneously) and heat-only units U H . We consider the production over a time horizon of T periods, where each period is one hour due to the hourly bidding periods in the day-ahead Heat production of heat unit
Heat production of unit u ∈ U inserted to the grid in period
Heat production of unit u ∈ U inserted to the storage in period
Heat flowing from the storage to the district heating in period
Binary variable: 1, if unit u ∈ U CHP is on in period t ∈ T and 0, otherwise market. Each unit u ∈ U has a maximum heat production per hour Q u and production cost of C u per MWh heat. The CHP units u ∈ U CHP have further a restriction on the minimum and maximum electricity production per hour denoted by P u and P u , respectively. The heat-to-power ratio for the CHP units is given by ϕ u . The thermal storage of the system has a minimum (S ) and maximum level (S ) and the outflow per period is limited to S F (all in MWh heat). The binary parameters A DH u and A S u determine whether a heat unit u is connected to the district heating network and/or the thermal storage, respectively. The heat demand in the district heating network for each periods is given by D t and the forecasted electricity price for each hour by λ t .
The model determines the optimal heat production for all units u ∈ U in each period in variables q u,t where the production can either go directly to the district heating network (q DH u,t ) or to the thermal storage (q S u,t ). The power production of the CHP units u ∈ U CHP is modelled by variables p u,t and their status (on/off) by the binary variable x u,t . The variables s t and s OUT t represent the storage level and storage outflow in each period t. Note that the number of periods T is not limited to 24 hours, because it can be profitable to already consider the production of future days to operate the thermal storage more efficiently. The bidding method proposed in the next section is used to create hourly bids for the day-ahead market on a daily basis, thus, we shift the planning period by 24 hours after each run in a receding horizon approach.
The objective function (1a) minimizes the cost of producing heat by units U, while taking the expected income from the electricity market into account.
The production and flow of heat is modeled in constraints (1b) to (1e). The heat production capacity of all units is limited by constraint (1b). The lower bound of the heat production is normally Q u,t = 0 for all units u ∈ U and time periods t ∈ T , but it is a necessary restriction that we will use in some parts of our algorithm which is described in more detail in Section 3. The produced heat is either used in the district heating system or flows to the thermal storage (1c). Whether the unit is connected to the district heating, the storage or both is determined by constraints (1d) and (1e).
The power and heat production of a CHP unit is connected in constraints (1f) with the corresponding heat-to-power ratio. Constraints (1g) set the minimum and maximum power production of the CHP plant, if the CHP is on (x u,t = 1) and to 0 otherwise (x u,t = 0).
The heat storage is modeled through constraints (1h)-(1l). Constraints (1h) determine the storage level in each period while the capacity of storage is ensured by constraints (1i). The inflow to and outflow from the storage is limited by constraints (1j) and (1k), respectively. We ensure that the initial storage level is reached again at the end of the receding planning horizon to avoid emptying the storage every day (1l). In Section 6, we further investigate how many days of receding horizon should be considered.
Finally, the heat balance of the system is ensured by equation (1m), i.e., the heat output to the district heating network must match the heat demand in each period. We assume that the demand data is adjusted to take heat losses into account.
The above stated MILP (1a)-(1m) is the basis for our bidding method described in the next section.
Bidding method
In this section we present our bidding method, named Heat Unit Replacement Bidding (HURB) method, for district heating operators. We assume that the district heating operator has enough capacity to cover the heat demand in all periods by just using heat-only units, i.e., units that are operated independently from won offers in the electricity markets. This is a reasonable assumption, because this is the case for almost all district heating systems in Europe. In particular, because not having enough capacity, such that they can operate independently from the electricity market, introduces a risk of not covering the heat demand, which is the primary goal of district heating providers. The HURB method uses the MILP presented in Section 2 to optimize the heat production in each time period by using the units in U. To obtain the hourly bidding prices and power amounts offered to the day-ahead from this solution, we proceed as follows. The idea behind our bidding method is to incentivize the CHP units to place as many bids as needed to replace the heat Bidding price for unit u ∈ U CHP au,t
Bidding amount for unit u ∈ U CHP in period t ∈ T ku,t
Bidding amount for unit u ∈ U CHP in period t ∈ T cummulated over the iterations (u, t, bu, au,t) Tuple representing an offer in set O valid for unit u ∈ U CHP in period t ∈ T with bidding price bu and amount au,t production from heat-only units, i.e., selling power to the electricity market would lower the overall cost compared to just using heat-only units. This stems from the observation that CHP units are usually more expensive to operate than heat-only units. Thus, we would normally avoid producing with the CHP units if it is not necessary. However, if we have the chance to receive a sufficiently high price from the electricity market, such that the net costs (operational cost minus profits) of the CHP units drop below production costs of some or all of the heat-only units, it is more profitable to produce heat with the CHP units. Based on this idea, we propose an iterative approach to determine when which heat-only unit will be replaced by CHP production. The outline is shown in Algorithm 1 and the symbols are defined in Table 2 . First, we obtain the optimal heat production for all units without consideration of participation in the electricity market. This means we solve the MILP (1a) to (1m) with λ t = 0 ∀t ∈ T and no restriction on the minimum production, i.e., Q u,t = 0 ∀u ∈ U, t ∈ T (see constraint (1b)). The optimal heat production of all heat-only units u ∈ U H is stored in q * u,t for later use. Then we sort the heat-only units in descending order of production costs per MW heat. From this we obtain the set H = {h 1 , ..., h n } where H is the ordered version of set U H , i.e., h j ∈ U H , n = |U H | and C hj > C h k ∀j, k ∈ {1, . . . , n} if j < k. Afterward, we iterate over the elements in set H. In each iteration i we remove the next most expensive unit h from the set U
For the remaining heat units u ∈ U H i , we restrict the heat production with a lower bound Q u,t = q * u,t to ensure that only production of unit h is replaced. Then we determine the optimal production for this new subset of heat-only units and all CHP units U CHP by solving the MILP (1a) to (1m) for
From the solution we can determine the periods in which the heat-only unit removed in this iteration is replaced by the CHP units. This can be derived from the power production p * u,t of the CHP units in the solution. The amount offered to the market a u,t is the additional power production added in this iteration. If the CHP unit is not producing, i.e., p * u,t = 0, no offer is created. The bidding price b u for offering the power produced by CHP unit u is based on the production cost of the CHP unit u and the replaced heat-only unit h as
Algorithm 1 Heat Unit Replacement Bidding (HURB)
Set λt = 0 ∀t ∈ T and Q u,t = 0 ∀u ∈ U, t ∈ T Solve (1a)-(1m) and store optimal heat production q *
shown in equation (2) .
The bidding price can be interpreted as follows. If we replace production by heat-only unit h with CHP unit u, we have to pay the production cost of the CHP unit u but we also save the production cost of heat-only unit h. To be profitable, we need to get at least the remaining amount (C u − C h ) from the market. This is our bidding price. At this price we are indifferent about whether we produce with the heat-only or with the CHP unit, because the costs for the production will be the same. By setting the bidding price in this way, we will not increase the cost even if we are not dispatched, because we have to produce the heat anyway. But if the market price is above our bidding price, we will make profits and lower our overall operational costs. We repeat this process by iteratively removing further heat-only units from the optimization problem until only the CHP units are left. During the iterations we collect the offers for the next day (i.e., periods t ∈ {1, . . . 24} although the total number of periods can be larger) in set O. Each offer o ∈ O consist of a tuple (u, t, b u , a u,t ) stating the CHP unit u it corresponds to, the hour t of the next day it is valid for, the bidding price b u and amount of power a u,t . Offers created in the process are added to this set. No previous offers are removed, because they are still valid. After the algorithm is finished, the operator can determine the bids from set O and present them to the market. 
Case study
We use the following case study to demonstrate the HURB method in an illustrative example in Section 5 and compare the numerical results to other bidding methods in Section 6. We consider a small district heating system as shown in Figure 1 . The system includes two CHP production units (CHP1 and CHP2) in the form of gas engines and two heat-only units, more specifically a gas boiler (GB) and wood chip boiler (WCB). Furthermore, the system includes a thermal storage (TS) that can deliver heat to the district heating network. The CHP units and the WCB are connected to the thermal storage and not directly feeding to the district heating network. The GB is not connected to the thermal storage, but directly to the district heating network instead. The parameters of the units such as production costs and technical data are given in Table 3 . The data presented is taken from the energyPRO library, which is based on actualized data from heatonly and CHP units by [27] . The electricity prices for 2016 in the DK1 Nordpool area are taken from the Energinet datahub [28] . The heat demand for 2016 is set to 37500 MWh-heat, comparable to 1 km 2 of an urban area with a heat density of 120 TJ/km 2 . This amount represents around 2000 family households where 40% of the heat delivered is domestic hot water and grid losses, which are not weather dependent. The remaining 60% of the heat delivered is used for space heating which is dependent on the outside temperature.
We will study two different operation modes of the CHP units. First, full load is a restrictive mode in which if the CHP unit is on, it is forced to produced at its maximum capacity (P u = P u = 2.5). Many district heating providers in Denmark operate their CHP units only at full load, where it has the highest efficiency. In the other configuration, named partial load configuration, both CHP units can produce at partial load between P u and P u . Note that the only change to the method that has to be made to switch between those two modes is setting parameter P u equal to P u .
Illustrative example
This example demonstrates our bidding method HURB for the case study described in the previous section. We consider one specific day in March 2016 to illustrate the steps of Algorithm 1. We use the full load operation mode and an initial storage level of s 0 = 10 MWh-heat. In the initialization of the algorithm, we solve the model without forcing any minimum heat production to the CHP and heat-only units and without considering the electricity price forecast. The optimal solution is depicted in Figure 2 showing that the cheaper WCB and GB are used for production. This obtained solution (q * u,t ) determines the heat production lower bound (Q u,t ) for future steps in the algorithm. The algorithm continues by identifying the heat- only production units and sorting them in descending order of production costs. In our case this results in set H = {GB, WCB} because the GB has higher production cost (404.62) than the WCB (211.45).
In the first iteration i = 1 of the algorithm, we remove the GB from U H and solve the optimization problem (1a)-(1m) for the remaining set of units U = {WCB, CHP1, CHP2} formed by the union of the sets U CHP = {CHP1, CHP2} and U H 1 = {WCB}, where the minimum production of the WCB is limited to the production from Figure 2 . The resulting optimal heat production and storage operation is shown in Figure 3a for the given heat demand. Based on this information we determine the offers for the day-ahead market. The bidding hours and power amounts for the offers can be directly deferred from the optimal production. The optimal power production, bidding prices and price forecast for this day are depicted in Figure 3b , where both CHP units are used in most of the hours. Except in periods 3 to 5 where both units are off, hour 6 where only CHP1 is on and hour 24 where only CHP2 is on. This means we have to determine offers for CHP1 in hours {1, 2, 6, . . . , 23} and for CHP2 in hours {1, 2, 7, . . . , 24}. The power amount is always 2.5 MWh per CHP. The bidding price for the two CHP units is the same as they have the same operational cost and determined by subtracting the cost of the removed GB from the CHP operational cost and adjusted from price per MWh heat to price per MWh power. This results in the following bidding price (3) (see also Figure 3b ).
= (610.84 − 404.02) · 1.18 = 244.045
The iteration finishes with a total number of 40 hourly offers where each offer has a power amount of 2.5 MWh and a price of 244.045 DKK. In the second iteration i = 2, we remove the next most expensive heat-only unit, which is the WCB, reducing the set U H 2 to an empty set. Thus, in this iteration we solve the optimization model (1a)-(1m) using just the CHP units U = U CHP . The resulting heat and power production is shown in Figure 4 . The hours and power amounts for the new offers are the difference between the power production in the previous iteration and this iteration. This means we add new offers for CHP1 in hours {3, 4, 5, 24} and for CHP2 in hours {3, 4, 5, 6}. All new offers will have the amount 2.5 MWh, because the respective CHP was off before and is now producing at full load. The bidding price is calculated in equation (4) and this time based on the cost of the WCB. Thus, the second and last iteration adds eight new offers to the set. In total, the bidding method resulted in 48 bids. Figure 5a shows the final offers and bidding prices presented to the market. The price depicted is now the real realization instead of the forecast used in the optimization. For the operation of the system this implies that if the real price is greater or equal than the bidding price for an specific period of time, the unit is committed to produce (in this case for hours 8 and 9). In the other periods, we are free to determine the operation of the system. Based on the optimization of model (1a)-(1m) with fixed power production in periods 8 and 9, we obtain the heat production schedule in Figure 5b . Except in the committed hours of CHP production, we use the cheaper WCB and GB in the other periods to cover the heat demand. Furthermore, we can see from the storage level also shown in Figure 5b that the thermal storage is used to avoid more expensive GB production in some periods. (b) Real heat production and storage level of the system compared to the heat demand Figure 5 : Final production of the system using real data for the day studied.
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Numerical Results
In this section, we analyze the performance of our bidding method and compare it to the following proposed methods from literature:
• Method A: Bidding strategy based on the uncertainty bound given by forecasted prices [22] .
• Method B: Use of confidence intervals on price forecast to create bidding curves [23] .
• Method C: Forecasted electricity price as bidding prices [24] .
• Method D: Use of price scenario intervals to create bidding curves [25] .
• Method E: Piece-wise linear function of costs used as bidding prices [26] .
Although methods A to D are developed and designed for standalone CHP or thermal production units, they could be used also by district heating operators to determine the bids for the CHP units without taking the other units into account. We compare the HURB method to these methods to show that district heating operators have a benefit from using a method that takes the entire portfolio of units into account and should therefore use more specialized methods instead of the general applicable bidding methods. However, the HURB method would not be applicable to the general case without other heat producing units as it is considered in [22, 23, 24, 25] .
All methods base their offers on the optimal operation of the system. For a fair comparison of the bidding strategy, we use the model (1a)-(1m) to determine the optimal power production for all methods. In this way, we focus on just comparing the creation of bids and not the underlying operational planning problem. For the above mentioned methods A to E, no iterative procedure is proposed to replace heat-only units. Furthermore, the bidding prices are determined in different ways. For further information about the details of the methods we refer the reader to the mentioned references.
The following comparison of the methods is based on the totals costs by using the bidding methods for each day of the planning horizon. This daily optimization can be seen individually by just considering 24 time periods. However, we use a receding approach and, thus, include more time periods in the operational optimization to consider the operation of the thermal storage over several days. In the end, only the offers for the first 24 hours are send to the market. For a fair comparison we ensure that the storage level at the end of the horizon is the same for all methods.
The daily usage of the bidding method also allows us to update the forecasts for electricity prices every day. For this experiment, we use time series analysis to create a SARIMA model with one day seasonality following the same approach as in [29] including harmonic external regressors in the form of Fourier series [30] to describe weekly seasonality (T =168 hours). The model to predict electricity prices λ t is
where λ t is the estimated electricity price for period t. The coefficient µ is the intercept and λ t−1 , λ t−2 , λ t−24 , ε t−1 , ε t−2 and ε t−24 correspond to the autoregressive and moving average terms, respectively. K is a natural number chosen by minimizing the Akaike information criterion (AIC) and determines the number of Fourier terms considered. Finally, α k , β k , φ 1 , φ 2 , φ 24 , θ 1 , θ 2 and θ 24 are the forecast parameters. More sophisticated forecasting methods based on temporal dependencies such as probabilistic forecasting can be used. We refer the reader to, e.g., [31] where the authors create a model to predict day-ahead electricity prices based on reliable probability density forecasts. Based on this, the evaluation process can be described as follows:
1. Choose length of receding horizon |T | (a multiplier of 24 to cover entire days).
2. Update forecast parameters of electricity prices for day d using the most recent observations and predict for |T | periods.
3. Apply bidding method (either HURB or method A-E) for |T | periods.
4. Evaluate the set of offers O for real prices of day d.
5. Get the system cost for day d.
6. Update d = d + 1 and go to step 2. 
Evaluation for the year 2016
We first apply the methods HURB and A to E for the year 2016. All methods are tested with different lengths of receding horizon, namely 1 to 15 days, and use the mentioned SARIMA model for forecasting the electricity prices. Figure 6 shows the annual system costs for all methods. Furthermore, the figure distinguishes between the two configurations full load (7a) and partial load (7b). For all lengths of receding horizon and both configurations, our method (HURB) yields the best result regarding total annual system costs, closely followed by method B. Those two methods are also very close to the total annual costs when having perfect information (black line), which are the theoretical minimal costs of the system when we solve the optimal operation for the entire year at once and have perfect information about electricity prices. Figure 6 also shows that all methods benefit from using a receding horizon of more than one day, i.e., the solution can be improved by already considering future days for the operation of the storage.
Evaluation of further electricity price sets
To get a more general result of the comparison, we evaluate a more diverse set of electricity prices, i.e., we use different samples of realization of electricity prices to evaluate how the method would perform if the electricity prices would have turned out differently. Therefore, we repeat our experiment again for the month January 2016 using the same price forecasting method as before. We use 144 samples for realizations of electricity prices obtained from different markets in the Nordpool region to evaluate the performance of the methods in the market. We use data from the regions Sweden (SE4) and Germany (DE) for the months in 2013 to 2015 and 2017. As the cost per month differ based on the prices, we compare the methods using the difference between the cost obtained by the method and the cost obtained by using perfect information regarding electricity prices (solving the entire month at once with the respective electricity prices instead of using a forecast). Figure 7 shows the distance in % to the cost using perfect information. All methods were again evaluated using different lengths of receding horizon. For method A to E and HURB Best, the results show the cost for the best receding horizon length. For HURB Worst, the worst receding horizon is chosen and HURB Average shows the mean difference to the perfect information solution over all lengths of receding horizon. The specific number of days are also mentioned in Table 4 . Furthermore, the figure distinguishes between the two configurations full load (7a) and partial load (7b).
For both configurations HURB yields the best result, i.e., the cost are clos- Table 4 : Percentage of hours with offers and won bids in the investigated month averaged over all samples (RH = receding horizon).
est to perfect information cost. Even with the worst configuration of receding horizon length (HURB Worst), it leads to better results for most of the samples compared to the other methods. Our method is closely followed by method B, which outperforms the other methods A and C to E in most of the samples.
Discussion
To explain why our methods outperforms the others, we state the average number of hours and won bids for each method over all samples in Table 4 . The values are given in percentage of hours per month. These values show that HURB submits more offers to the market than the other methods. On average HURB places offers in more than 98% of the hours, while the other methods have fewer bids. In particular, method A, C and E only place offers in less than 50% of the hours. HURB also wins more bids in the market compared to the others (in more than 40% of the hours). Method B [23] , which is the second best regarding cost, wins on average in less than 36% of the hours. Thus, HURB achieves a higher income from the market. Although, method A [22] also yields won bids close to 40% of the hours like HURB, these bids are not always profitable for the district heating operator. As method A was developed for a standalone thermal unit it does not take the other units into account to calculate the overall system costs. The bidding prices are set based on the confidence interval of the electricity price forecast, which could lie below the marginal cost of the system. Therefore, method A is not advisable for district heating operators. The same holds for method C [24] , which uses the forecast as bidding price.
Method B and D [25] are using the forecast on electricity prices to determine when and at which price it is profitable to produce with the CHP units. While method B uses intervals of the probability density function of the price forecast, method D uses sampled scenarios. They analyze the results for the intervals/scenarios and present an offer with the respective bidding price of the interval/scenario, if the CHP units produces according to their optimization method. As these methods also do not make use of the other units in the district heating system, they offer only in hours where the forecast indicates profits. In the HURB method, we explicitly consider the district heating system and make use of the fact that we have to produce the heat either way. Therefore, the electricity price forecast does not determine the amount or price of the offers but only the hours in which to place them. This is also the explanation, why the HURB method bids in more hours than method E [26] . Although method E also uses the marginal cost as bidding prices and makes uses of the district heating system, the creation of offers regarding bidding amounts and offers is different. Method E places offers at the marginal prices of the units, whenever it is profitable with respect to the price forecast. In contrast, HURB offers as much electricity which is needed to replace the entire heat demand by CHP production, which results in more offers in total. Furthermore, the prices set by HURB ensure no losses regarding the cost minimal production without trading, but only profits if bids are won.
Summary and outlook
In this work, we propose a new day-ahead market bidding strategy, named Heat Units Replacement Bidding (HURB) method, for CHP units that are operated jointly with other heat or heat-only production units. Our bidding method is based on replacing heat production from heat-only units through CHP production in a iterative manner. The method uses a mathematical program to determine the optimal operation of the portfolio of units. In order to evaluate our bidding method, we implement other bidding methods proposed in literature and compare them in a common case study. We state the results for an entire year by executing the bidding method on a daily basis with different lengths of receding horizon. Furthermore, we perform an out-of-sample test to get more general results. The results show that compared to the other bidding methods, our method yields the lowest cost and most won bids.
To extend the use of this bidding method, we propose three future research directions. First, the consideration of the balancing market offers further opportunities to reduce the operational cost. Second, the modelling of block bids, start-up cost and minimum operation times for the CHP units is a valuable extension to cover more instruments on the electricity markets. Finally, the increasing presence of solar thermal units at district heating operators introduces an additional source of uncertainty regarding the production amounts. This production has to be taken into account appropriately while determining the offers to the market. Methods based on stochastic programming are able to incorporate this uncertainty by including potential scenarios.
